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The calculation of the diffusion-controlled reaction rate for partially absorbing, non-spherical
boundaries presents a formidable problem of broad relevance. In this paper we take the reference
case of a spherical boundary and work out a perturbative approach to get a simple analytical formula
for the first-order correction to the diffusive flux onto a non-spherical partially absorbing surface of
revolution. To assess the range of validity of this formula, we also derive exact and approximate
expressions for the reaction rate in the case of partially absorbing prolate and oblate spheroids. Our
solution provides a handy way to assess the effect of non-sphericity on the rate of capture in the
general case of partial surface reactivity.
I. INTRODUCTION
Reaction-diffusion processes govern the behavior of
complex systems in many contexts ranging from chem-
istry and nanosciences [1] to bio-engineering [2–5]. They
are also key in biology by controlling enzyme catal-
ysis [3, 6], antigen-antibody encounter [7, 8], ligand-
receptor binding [9–14], fluorescence quenching [15], cel-
lular nutrient uptake [16–19], and oxygen uptake in lungs
and placenta [20–22].
In many cases, diffusion relaxation times are fast with
respect to typical time scales of interest. For example,
the local concentration field of ligand molecules around
a membrane receptor equilibrates more swiftly than lat-
eral diffusion of the latter within the membrane and more
rapidly than (or as fast as) large-scale conformational
changes of the protein. Along the same lines, the con-
centration of a small substrate molecule equilibrates fast
around a large core-shell nanoreactor [5] whose hydrogel
shell carries a number of immobilized metal nanocata-
lysts. As a consequence, the problem can often be re-
duced to solving the stationary diffusion (i.e. Laplace)
equation [2] in a non-equilibrium setting (i.e. correspond-
ing to a steady non-zero flux of molecules from the bulk to
the surface). In the simplest case, one is led to computing
the total molecular flux to a reactive surface, modeling
for example the uptake of nutrient molecules by a colony
of algae or the binding of a ligand onto the receptor-
covered cell surface.
In more mathematical terms, we consider the pseudo
first-order contact reaction
B + S
k−−→ S + P (1)
between point-like molecules B that diffuse in solution
with diffusion coefficient D and static reactive surfaces
S that catalyze the transformation of B into some inert
product P . When the characteristic relaxation time for
diffusive processes is small enough, the kinetics is essen-
tially controlled by the steady-state rate k [2]. If B and
S species are dilute enough and the concentration of S is
much smaller than the bulk concentration of B, c∞, the
rate k can be obtained by solving the Laplace equation
with appropriate boundary conditions (BC) enforced on
the surface S and computing the total steady-state dif-
fusive flux of B molecules into an isolated S [2, 23–25].
When S is a sphere of radius R, this leads to the well-
known Smoluchowski rate [26, 27],
kS = 4piDRc∞ (2)
which expresses the very blueprint of diffusion to cap-
ture: the number of particles absorbed at the sink sur-
face scales linearly with the size of its surface.
In real-life applications, reactive boundaries tend to
be more complex than perfectly absorbing spheres. On
one hand, many interesting applications feature partially
reactive surfaces (see a recent overview in [28]). The par-
tial reactivity can describe, e.g., the need for a molecule
to overcome an energy activation barrier to react [29],
or heterogeneous distribution of reactive patches on the
otherwise inert boundary when small swiftly diffusing
molecules can only react (i.e. be absorbed) at specific
parts of the boundary [30–36]. This is the case for exam-
ple of a more realistic treatment of a cell surface [9–13],
where receptor molecules only constitute small absorb-
ing patches (or clusters) on an otherwise inert surface1.
Partial reactivity can also describe stochastic gating of
exchange channels (like aquaporins) on the plasma mem-
brane [37–40], partial recombination [41], reactions on
micelles [42], and transfer across semi-permeable mem-
branes [43, 44]. On the other hand, in many applications
one has to deal with non-spherical boundaries [8]. This
in general makes the problem of determining the diffu-
sive flux very hard already in the simpler case of a perfect
sink [45, 46], the case of partially absorbing non-spherical
1 We refer in this setting to the inability of the diffusing ligand
to establish bonds at generic spots on the surface, as opposed
to specific high-affinity bonds at locations occupied receptors.
This does not exclude that the surface might be interacting non-
specifically (and less strongly) with the ligand at generic loca-
tions.
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2FIG. 1. Scheme of a surface of revolution (red) obtained as a
perturbation of the sphere SR (black), r(θ) = R+ δ f(θ) with
δ  R.
surfaces being in general a rather formidable task. This
is the case for example of binding to a protein, featuring
a few specific binding pockets (local absorbing patches)
on an overall reflecting surface that is most of the times
non-spherical.
In this paper, we tackle the hard problem of comput-
ing the flux to non-spherical surfaces perturbatively. Our
calculations lead to a handy, closed-form expression for
the first-order correction to the Smoluchowski rate for
arbitrary, partially absorbing axially symmetric pertur-
bations of a spherical boundary. The paper is organized
as follows. In section II we state the problem and work
out the perturbative solution. In section III we report a
detailed analysis of the validity regime of the first-order
correction. For this purpose, the diffusive flux to par-
tially reactive prolate and oblate spheroids is computed.
Finally, we wrap our results and summarize in section
IV.
II. PERBUTATIVE SOLUTION
Let us consider the surface of revolution ∂Ω, parameter-
ized in spherical coordinates (r, θ, φ) as (Fig. 1)
x = r(θ) cosφ sin θ
y = r(θ) sinφ sin θ (3)
z = r(θ) cos θ
with θ ∈ [0, pi], φ ∈ [0, 2pi) and
r(θ) = R+ δ f(θ), δ  R (4)
The idea is to consider an arbitrary small modulation of
the sphere SR of radius R, as specified by a given func-
tion f(θ). We aim to compute the steady-state diffusive
flux of point-like B particles into the partially absorb-
ing surface ∂Ω. As put forward by Collins and Kim-
ball [47], this situation can be accommodated for within
the framework of a boundary value problem by endowing
the reactive surface with a constant intrinsic reactivity κ
(in units m/s). Whenever a diffusing B particle hits the
surface, the reaction (1) occurs with a probability propor-
tional to κ [48–50]. From a mathematical standpoint, one
needs to compute the steady-state concentration field of
B particles, c(r), satisfying the following boundary value
problem:
∇2c = 0 r ∈ R3 \ ∂Ω (5a)
D∇c · nˆ|∂Ω = κc|∂Ω (5b)
lim
||r||→∞
c = c∞ (5c)
The Robin boundary condition (5b) means that the dif-
fusive flux density should equal the reactive flux density
at each point of the surface. In this paper, we take the
convention of considering the normal pointing away from
the boundary into the bulk; in other words, we consider
the inward normal vector, which can be computed as the
cross product of the two local tangent vectors (see Fig. 1):
nˆ =
~tn
||~tn||
=
~tθ ∧ ~tφ
||~tθ ∧ ~tφ||
(6)
In the limit κ→∞ the boundary becomes a sink (Dirich-
let BC), i.e. c|∂Ω = 0, while in the opposite limit
κ → 0 (von Neumann BC), the surface becomes per-
fectly reflecting and no reaction occurs. The regularity
condition (5c) means that the concentration field of B
molecules far from the boundary is constant and equal to
the bulk concentration. This ensures that after a relax-
ation transient period, the system settles in a nonequi-
librium steady state with a net diffusive flux onto the
reactive boundary. Accordingly, the reaction rate can be
computed as the total diffusive flux into the surface, i.e.
k = −
∫
∂Ω
~J · nˆ dS = 2piD
∫ pi
0
~∇c · nˆ dθ (7)
where ~J = −D~∇c is the flux density. It is expedient to
introduce non-dimensional variables, ρ = r/R, u(ρ) =
1 − c(ρR)/c∞,  = δ/R  1, and h = κR/D. The
problem to be solved reads then
∇2u = 0 ρ ∈ R3 \ ∂Ω (8a)(
~∇u · nˆ+ h(1− u)
)∣∣∣∣
∂Ω
= 0 (8b)
lim
ρ→∞u = 0 (8c)
where ρ = ||ρ||.
The above problem can be solved perturbatively by
looking for a solution in the form of a perturbative ex-
pansion in powers of . Furthermore, the symmetry of
the problem requires the solution to be axially symmet-
ric. To the first order, we set then
u(ρ, θ) = u0(ρ) +  u1(ρ, θ) +O(2) (9)
3where u0 and u1 are both harmonic functions that can
be expressed in general as
u0(ρ) =
A0
ρ
(10a)
u1(ρ, θ) =
∞∑
`=0
B` ρ
−(`+1)P`(cos θ) (10b)
Here P`(cos θ) denotes the Legendre polynomial of order
` and {A0, B0, B1, . . . } is an infinite set of constants that
are fixed by the boundary condition (8b).
In order to impose the BC (8b), we need to work out
the gradient ~∇u and the concentration field u on the sur-
face ∂Ω, as well as the components of the inward normal
vector ~tn. From the definition (6), it is straightforward
to show that
~tn =
(
[1 + 2f(θ)] eˆr − f ′(θ) eˆθ
)
sin θ +O(2) (11a)
u|∂Ω = u0(1) + 
[
u1 + f(θ)
du0
dρ
]
ρ=1
+O(2) (11b)
∇u|∂Ω =
[
du0
dρ
+ 
(
f(θ)
d2u0
dρ2
+
∂u1
∂ρ
)]
ρ=1
eˆr + 
∂u1
∂ρ
∣∣∣
ρ=1
eˆθ +O(2) (11c)
where eˆr and eˆθ are the radial and polar tangent unit vec-
tors relative to the sphere SR (see Fig. 1). With the help
of Eqs. (11a) and (11c), the boundary conditions (8b)
and (8c) give
A0 =
h
1 + h
(12a)
∞∑
`=0
(`+ h+ 1)B`P`(cos θ) =
h(2 + h)
1 + h
f(θ) (12b)
Multiplying Eq. (12b) by Pm(cos θ) sin θ, integrating and
recalling the orthonormality of Legendre polynomials,∫ 1
−1
P`(µ)P`′(µ) dµ =
2
2`+ 1
δ``′ (13)
one is immediately led to
B` =
(2`+ 1)(2 + h)h
2(`+ 1 + h)(1 + h)
∫ pi
0
P`(cos θ)f(θ) sin θ dθ (14)
The rate can now be computed from Eq. (7). Taking into
account Eqs. (11a), (11c) and (13), we get
k
kS
=
h
1 + h
+ B0 +O(2)
=
h
1 + h
[
1 +
(
2 + h
1 + h
)
B∞0
]
+O(2) (15)
where
B∞0 =
1
2
∫ pi
0
f(θ) sin θ dθ (16)
Formula (15) is the main result of this paper, describing
the first-order correction to the Smoluchowski rate for a
non-spherical, axisymmetric partially reactive boundary.
In the limit of a perfect sink h→∞, this becomes
k
kS
= 1 + B∞0 +O(2) (17)
It is instructive to observe that the flux to the partially
absorbing boundary and the flux to the sink are not re-
lated to the first order in  through the usual additiv-
ity prescription for independent probabilities (per unit
time):
1
k
' 1
kr
+
1
kS
[
1 +
(
2+h
h
)
B∞0
]
6= 1
kr
+
1
kS(1 + B∞0 )
(18)
where kr = hkS . Eqs. (18) and (15) coincide to the first
order in  only for highly reactive surfaces (h 1).
III. VALIDITY RANGE OF THE
PERTURBATIVE CALCULATION
In order to determine the validity range of our results,
we consider the case of spheroidal perturbations (i.e.
ellipsoids of rotation). As an example, Fig. 2 illustrates
a prolate spheroidal perturbation of the form (a, a, b)
with a < b that is obtained from a sphere of radius R
either by extension along the z-axis into (R,R,R + δ),
or by compression at the equator into (R − δ,R − δ,R).
In the compression case, the surface area of the resulting
spheroid is reduced as compared to that of the sphere
SR, whereas it increases in the extension case. Accord-
ingly, the first-order correction to the Smoluchowski
rate is expected to be negative in the compression case
and positive in the extension case. A similar reasoning
applies to the case of oblate spheroidal perturbations of
the form (b, b, a) with a < b.
4r(θ) = b(1− ￿ sin2 θ)
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b
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θ
<latexit sha1_ba se64="tzLsgO9cczeohTZs3hdwIr+Xd hc=">AAAB7XicbVDLSgNBEJyNrxhfUY 9eBoPgKeyKoMegF48RzAOSJcxOOsmY2 ZllplcIS/7BiwdFvPo/3vwbJ8keNLGg oajqprsrSqSw6PvfXmFtfWNzq7hd2tnd 2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW 0EwMsjiS0ovHtzG89gbFCqwecJBDGbK jEQHCGTmp2cQTIeuWKX/XnoKskyEmF5 Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcw LXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8 H2rhSSOfq74mMxdZO4sh1xgxHdtmbif 95nRQH12EmVJIiKL5YNEglRU1nr9O+M MBRThxh3Ah3K+UjZhhHF1DJhRAsv7xK mhfVIKgG95eV2k0eR5GckFNyTgJyRWr kjtRJg3DySJ7JK3nztPfivXsfi9aCl88 ckz/wPn8ApEuPKQ==</latexit><latexit sha1_ba se64="tzLsgO9cczeohTZs3hdwIr+Xd hc=">AAAB7XicbVDLSgNBEJyNrxhfUY 9eBoPgKeyKoMegF48RzAOSJcxOOsmY2 ZllplcIS/7BiwdFvPo/3vwbJ8keNLGg oajqprsrSqSw6PvfXmFtfWNzq7hd2tnd 2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW 0EwMsjiS0ovHtzG89gbFCqwecJBDGbK jEQHCGTmp2cQTIeuWKX/XnoKskyEmF5 Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcw LXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8 H2rhSSOfq74mMxdZO4sh1xgxHdtmbif 95nRQH12EmVJIiKL5YNEglRU1nr9O+M MBRThxh3Ah3K+UjZhhHF1DJhRAsv7xK mhfVIKgG95eV2k0eR5GckFNyTgJyRWr kjtRJg3DySJ7JK3nztPfivXsfi9aCl88 ckz/wPn8ApEuPKQ==</latexit><latexit sha1_ba se64="tzLsgO9cczeohTZs3hdwIr+Xd hc=">AAAB7XicbVDLSgNBEJyNrxhfUY 9eBoPgKeyKoMegF48RzAOSJcxOOsmY2 ZllplcIS/7BiwdFvPo/3vwbJ8keNLGg oajqprsrSqSw6PvfXmFtfWNzq7hd2tnd 2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW 0EwMsjiS0ovHtzG89gbFCqwecJBDGbK jEQHCGTmp2cQTIeuWKX/XnoKskyEmF5 Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcw LXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8 H2rhSSOfq74mMxdZO4sh1xgxHdtmbif 95nRQH12EmVJIiKL5YNEglRU1nr9O+M MBRThxh3Ah3K+UjZhhHF1DJhRAsv7xK mhfVIKgG95eV2k0eR5GckFNyTgJyRWr kjtRJg3DySJ7JK3nztPfivXsfi9aCl88 ckz/wPn8ApEuPKQ==</latexit><latexit sha1_ba se64="tzLsgO9cczeohTZs3hdwIr+Xd hc=">AAAB7XicbVDLSgNBEJyNrxhfUY 9eBoPgKeyKoMegF48RzAOSJcxOOsmY2 ZllplcIS/7BiwdFvPo/3vwbJ8keNLGg oajqprsrSqSw6PvfXmFtfWNzq7hd2tnd 2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW 0EwMsjiS0ovHtzG89gbFCqwecJBDGbK jEQHCGTmp2cQTIeuWKX/XnoKskyEmF5 Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcw LXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8 H2rhSSOfq74mMxdZO4sh1xgxHdtmbif 95nRQH12EmVJIiKL5YNEglRU1nr9O+M MBRThxh3Ah3K+UjZhhHF1DJhRAsv7xK mhfVIKgG95eV2k0eR5GckFNyTgJyRWr kjtRJg3DySJ7JK3nztPfivXsfi9aCl88 ckz/wPn8ApEuPKQ==</latexit>
a
<latexit sha1_base64="tHmEk7dSnp wo8TSa7al7hAx0uow=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnE0ixFdBQ1HVTXdXkAiujet+ OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Ov fb96g0j+WtmSToR3QoecgZNVZq0H654lXdGYj7i3xZFVig3i+/9wYxSyOUhgmq dddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHTolJ1YZkDBWtqQhM3V5IqOR1pM osJ0RNSP908vFv7xuasJLP+MySQ1KNl8UpoKYmORfkwFXyIyYWEKZ4vZWwkZUU WZsNqXlEP4nrbOq51W9xnmldrWIowhHcAyn4MEF1OAG6tAEBggP8ATPzp3z6Lw 4r/PWgrOYOYRvcN4+AcUxjOc=</latexit><latexit sha1_base64="tHmEk7dSnp wo8TSa7al7hAx0uow=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnE0ixFdBQ1HVTXdXkAiujet+ OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Ov fb96g0j+WtmSToR3QoecgZNVZq0H654lXdGYj7i3xZFVig3i+/9wYxSyOUhgmq dddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHTolJ1YZkDBWtqQhM3V5IqOR1pM osJ0RNSP908vFv7xuasJLP+MySQ1KNl8UpoKYmORfkwFXyIyYWEKZ4vZWwkZUU WZsNqXlEP4nrbOq51W9xnmldrWIowhHcAyn4MEF1OAG6tAEBggP8ATPzp3z6Lw 4r/PWgrOYOYRvcN4+AcUxjOc=</latexit><latexit sha1_base64="tHmEk7dSnp wo8TSa7al7hAx0uow=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnE0ixFdBQ1HVTXdXkAiujet+ OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Ov fb96g0j+WtmSToR3QoecgZNVZq0H654lXdGYj7i3xZFVig3i+/9wYxSyOUhgmq dddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHTolJ1YZkDBWtqQhM3V5IqOR1pM osJ0RNSP908vFv7xuasJLP+MySQ1KNl8UpoKYmORfkwFXyIyYWEKZ4vZWwkZUU WZsNqXlEP4nrbOq51W9xnmldrWIowhHcAyn4MEF1OAG6tAEBggP8ATPzp3z6Lw 4r/PWgrOYOYRvcN4+AcUxjOc=</latexit><latexit sha1_base64="tHmEk7dSnp wo8TSa7al7hAx0uow=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnE0ixFdBQ1HVTXdXkAiujet+ OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Ov fb96g0j+WtmSToR3QoecgZNVZq0H654lXdGYj7i3xZFVig3i+/9wYxSyOUhgmq dddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHTolJ1YZkDBWtqQhM3V5IqOR1pM osJ0RNSP908vFv7xuasJLP+MySQ1KNl8UpoKYmORfkwFXyIyYWEKZ4vZWwkZUU WZsNqXlEP4nrbOq51W9xnmldrWIowhHcAyn4MEF1OAG6tAEBggP8ATPzp3z6Lw 4r/PWgrOYOYRvcN4+AcUxjOc=</latexit>
b
<latexit sha1_ba se64="Kf9mJFG3JexTvMtJ5Wkh4TpAo l0=">AAAB6HicdVDLSgNBEOyNrxhfUY 9eBoPgKeyKoMegF48JmAckS5id9CZjZ meXmVkhLPkCLx4U8eonefNvnE0ixFdB Q1HVTXdXkAiujet+OIWV1bX1jeJmaWt7 Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTc CO4lCGgUC28H4Ovfb96g0j+WtmSToR3 QoecgZNVZqBP1yxau6MxD3F/myKrBAv V9+7w1ilkYoDRNU667nJsbPqDKcCZyW eqnGhLIxHWLXUkkj1H42O3RKTqwyIGG sbElDZuryREYjrSdRYDsjakb6p5eLf3 nd1ISXfsZlkhqUbL4oTAUxMcm/JgOuk BkxsYQyxe2thI2ooszYbErLIfxPWmdV z6t6jfNK7WoRRxGO4BhOwYMLqMEN1KE JDBAe4AmenTvn0XlxXuetBWcxcwjf4Lx 9Asa1jOg=</latexit><latexit sha1_ba se64="Kf9mJFG3JexTvMtJ5Wkh4TpAo l0=">AAAB6HicdVDLSgNBEOyNrxhfUY 9eBoPgKeyKoMegF48JmAckS5id9CZjZ meXmVkhLPkCLx4U8eonefNvnE0ixFdB Q1HVTXdXkAiujet+OIWV1bX1jeJmaWt7 Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTc CO4lCGgUC28H4Ovfb96g0j+WtmSToR3 QoecgZNVZqBP1yxau6MxD3F/myKrBAv V9+7w1ilkYoDRNU667nJsbPqDKcCZyW eqnGhLIxHWLXUkkj1H42O3RKTqwyIGG sbElDZuryREYjrSdRYDsjakb6p5eLf3 nd1ISXfsZlkhqUbL4oTAUxMcm/JgOuk BkxsYQyxe2thI2ooszYbErLIfxPWmdV z6t6jfNK7WoRRxGO4BhOwYMLqMEN1KE JDBAe4AmenTvn0XlxXuetBWcxcwjf4Lx 9Asa1jOg=</latexit><latexit sha1_ba se64="Kf9mJFG3JexTvMtJ5Wkh4TpAo l0=">AAAB6HicdVDLSgNBEOyNrxhfUY 9eBoPgKeyKoMegF48JmAckS5id9CZjZ meXmVkhLPkCLx4U8eonefNvnE0ixFdB Q1HVTXdXkAiujet+OIWV1bX1jeJmaWt7 Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTc CO4lCGgUC28H4Ovfb96g0j+WtmSToR3 QoecgZNVZqBP1yxau6MxD3F/myKrBAv V9+7w1ilkYoDRNU667nJsbPqDKcCZyW eqnGhLIxHWLXUkkj1H42O3RKTqwyIGG sbElDZuryREYjrSdRYDsjakb6p5eLf3 nd1ISXfsZlkhqUbL4oTAUxMcm/JgOuk BkxsYQyxe2thI2ooszYbErLIfxPWmdV z6t6jfNK7WoRRxGO4BhOwYMLqMEN1KE JDBAe4AmenTvn0XlxXuetBWcxcwjf4Lx 9Asa1jOg=</latexit><latexit sha1_ba se64="Kf9mJFG3JexTvMtJ5Wkh4TpAo l0=">AAAB6HicdVDLSgNBEOyNrxhfUY 9eBoPgKeyKoMegF48JmAckS5id9CZjZ meXmVkhLPkCLx4U8eonefNvnE0ixFdB Q1HVTXdXkAiujet+OIWV1bX1jeJmaWt7 Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTc CO4lCGgUC28H4Ovfb96g0j+WtmSToR3 QoecgZNVZqBP1yxau6MxD3F/myKrBAv V9+7w1ilkYoDRNU667nJsbPqDKcCZyW eqnGhLIxHWLXUkkj1H42O3RKTqwyIGG sbElDZuryREYjrSdRYDsjakb6p5eLf3 nd1ISXfsZlkhqUbL4oTAUxMcm/JgOuk BkxsYQyxe2thI2ooszYbErLIfxPWmdV z6t6jfNK7WoRRxGO4BhOwYMLqMEN1KE JDBAe4AmenTvn0XlxXuetBWcxcwjf4Lx 9Asa1jOg=</latexit>
z
<latexit sha1_ba se64="DWhMIBNXpDiU+tgO2ojFpKKla pM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZ hN2N0IN/QVePCji1Z/kzX/jts1BWx8M PN6bYWZekAiujet+O4W19Y3NreJ2aWd3 b/+gfHjU0nGqGDZZLGLVCahGwSU2DTc CO4lCGgUC28H4dua3H1FpHst7M0nQj+ hQ8pAzaqzUeOqXK27VnYOsEi8nFchR7 5e/eoOYpRFKwwTVuuu5ifEzqgxnAqel XqoxoWxMh9i1VNIItZ/ND52SM6sMSBg rW9KQufp7IqOR1pMosJ0RNSO97M3E/7 xuasJrP+MySQ1KtlgUpoKYmMy+JgOuk BkxsYQyxe2thI2ooszYbEo2BG/55VXS uqh6XtVrXFZqN3kcRTiBUzgHD66gBnd QhyYwQHiGV3hzHpwX5935WLQWnHzmGP7 A+fwB6ZWM/w==</latexit><latexit sha1_ba se64="DWhMIBNXpDiU+tgO2ojFpKKla pM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZ hN2N0IN/QVePCji1Z/kzX/jts1BWx8M PN6bYWZekAiujet+O4W19Y3NreJ2aWd3 b/+gfHjU0nGqGDZZLGLVCahGwSU2DTc CO4lCGgUC28H4dua3H1FpHst7M0nQj+ hQ8pAzaqzUeOqXK27VnYOsEi8nFchR7 5e/eoOYpRFKwwTVuuu5ifEzqgxnAqel XqoxoWxMh9i1VNIItZ/ND52SM6sMSBg rW9KQufp7IqOR1pMosJ0RNSO97M3E/7 xuasJrP+MySQ1KtlgUpoKYmMy+JgOuk BkxsYQyxe2thI2ooszYbEo2BG/55VXS uqh6XtVrXFZqN3kcRTiBUzgHD66gBnd QhyYwQHiGV3hzHpwX5935WLQWnHzmGP7 A+fwB6ZWM/w==</latexit><latexit sha1_ba se64="DWhMIBNXpDiU+tgO2ojFpKKla pM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZ hN2N0IN/QVePCji1Z/kzX/jts1BWx8M PN6bYWZekAiujet+O4W19Y3NreJ2aWd3 b/+gfHjU0nGqGDZZLGLVCahGwSU2DTc CO4lCGgUC28H4dua3H1FpHst7M0nQj+ hQ8pAzaqzUeOqXK27VnYOsEi8nFchR7 5e/eoOYpRFKwwTVuuu5ifEzqgxnAqel XqoxoWxMh9i1VNIItZ/ND52SM6sMSBg rW9KQufp7IqOR1pMosJ0RNSO97M3E/7 xuasJrP+MySQ1KtlgUpoKYmMy+JgOuk BkxsYQyxe2thI2ooszYbEo2BG/55VXS uqh6XtVrXFZqN3kcRTiBUzgHD66gBnd QhyYwQHiGV3hzHpwX5935WLQWnHzmGP7 A+fwB6ZWM/w==</latexit><latexit sha1_ba se64="DWhMIBNXpDiU+tgO2ojFpKKla pM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZ hN2N0IN/QVePCji1Z/kzX/jts1BWx8M PN6bYWZekAiujet+O4W19Y3NreJ2aWd3 b/+gfHjU0nGqGDZZLGLVCahGwSU2DTc CO4lCGgUC28H4dua3H1FpHst7M0nQj+ hQ8pAzaqzUeOqXK27VnYOsEi8nFchR7 5e/eoOYpRFKwwTVuuu5ifEzqgxnAqel XqoxoWxMh9i1VNIItZ/ND52SM6sMSBg rW9KQufp7IqOR1pMosJ0RNSO97M3E/7 xuasJrP+MySQ1KtlgUpoKYmMy+JgOuk BkxsYQyxe2thI2ooszYbEo2BG/55VXS uqh6XtVrXFZqN3kcRTiBUzgHD66gBnd QhyYwQHiGV3hzHpwX5935WLQWnHzmGP7 A+fwB6ZWM/w==</latexit>
δ
<latexit  sha1_base64="Z2 Q6mIofvfqmjQv/n OzJ/XCoLVU=">AAA B7XicbVBNS8NAEJ 3Ur1q/qh69LBbBU0 lE0GPRi8cK9gPaUD abSbt2kw27G6GE/ gcvHhTx6v/x5r9x2 +agrQ8GHu/NMDMv SAXXxnW/ndLa+sbm Vnm7srO7t39QPTx qa5kphi0mhVTdgGo UPMGW4UZgN1VI40 BgJxjfzvzOEyrNZf JgJin6MR0mPOKMGi u1+yEKQwfVmlt35 yCrxCtIDQo0B9Wvf ihZFmNimKBa9zw3 NX5OleFM4LTSzzSm lI3pEHuWJjRG7ef za6fkzCohiaSylRg yV39P5DTWehIHtj OmZqSXvZn4n9fLTH Tt5zxJM4MJWyyKM kGMJLPXScgVMiMml lCmuL2VsBFVlBkbU MWG4C2/vEraF3XP q3v3l7XGTRFHGU7g FM7BgytowB00oQU MHuEZXuHNkc6L8+5 8LFpLTjFzDH/gfP 4AkeCPHQ==</late xit><latexit  sha1_base64="Z2 Q6mIofvfqmjQv/n OzJ/XCoLVU=">AAA B7XicbVBNS8NAEJ 3Ur1q/qh69LBbBU0 lE0GPRi8cK9gPaUD abSbt2kw27G6GE/ gcvHhTx6v/x5r9x2 +agrQ8GHu/NMDMv SAXXxnW/ndLa+sbm Vnm7srO7t39QPTx qa5kphi0mhVTdgGo UPMGW4UZgN1VI40 BgJxjfzvzOEyrNZf JgJin6MR0mPOKMGi u1+yEKQwfVmlt35 yCrxCtIDQo0B9Wvf ihZFmNimKBa9zw3 NX5OleFM4LTSzzSm lI3pEHuWJjRG7ef za6fkzCohiaSylRg yV39P5DTWehIHtj OmZqSXvZn4n9fLTH Tt5zxJM4MJWyyKM kGMJLPXScgVMiMml lCmuL2VsBFVlBkbU MWG4C2/vEraF3XP q3v3l7XGTRFHGU7g FM7BgytowB00oQU MHuEZXuHNkc6L8+5 8LFpLTjFzDH/gfP 4AkeCPHQ==</late xit><latexit  sha1_base64="Z2 Q6mIofvfqmjQv/n OzJ/XCoLVU=">AAA B7XicbVBNS8NAEJ 3Ur1q/qh69LBbBU0 lE0GPRi8cK9gPaUD abSbt2kw27G6GE/ gcvHhTx6v/x5r9x2 +agrQ8GHu/NMDMv SAXXxnW/ndLa+sbm Vnm7srO7t39QPTx qa5kphi0mhVTdgGo UPMGW4UZgN1VI40 BgJxjfzvzOEyrNZf JgJin6MR0mPOKMGi u1+yEKQwfVmlt35 yCrxCtIDQo0B9Wvf ihZFmNimKBa9zw3 NX5OleFM4LTSzzSm lI3pEHuWJjRG7ef za6fkzCohiaSylRg yV39P5DTWehIHtj OmZqSXvZn4n9fLTH Tt5zxJM4MJWyyKM kGMJLPXScgVMiMml lCmuL2VsBFVlBkbU MWG4C2/vEraF3XP q3v3l7XGTRFHGU7g FM7BgytowB00oQU MHuEZXuHNkc6L8+5 8LFpLTjFzDH/gfP 4AkeCPHQ==</late xit><latexit  sha1_base64="Z2 Q6mIofvfqmjQv/n OzJ/XCoLVU=">AAA B7XicbVBNS8NAEJ 3Ur1q/qh69LBbBU0 lE0GPRi8cK9gPaUD abSbt2kw27G6GE/ gcvHhTx6v/x5r9x2 +agrQ8GHu/NMDMv SAXXxnW/ndLa+sbm Vnm7srO7t39QPTx qa5kphi0mhVTdgGo UPMGW4UZgN1VI40 BgJxjfzvzOEyrNZf JgJin6MR0mPOKMGi u1+yEKQwfVmlt35 yCrxCtIDQo0B9Wvf ihZFmNimKBa9zw3 NX5OleFM4LTSzzSm lI3pEHuWJjRG7ef za6fkzCohiaSylRg yV39P5DTWehIHtj OmZqSXvZn4n9fLTH Tt5zxJM4MJWyyKM kGMJLPXScgVMiMml lCmuL2VsBFVlBkbU MWG4C2/vEraF3XP q3v3l7XGTRFHGU7g FM7BgytowB00oQU MHuEZXuHNkc6L8+5 8LFpLTjFzDH/gfP 4AkeCPHQ==</late xit>
r(θ) = a(1 + ￿ cos2 θ)
<latexit s ha1_base64="ReyEYcpg DT3qlHOj5CAcvmKwFF0 =">AAACEnicbVA9SwNBE N3zM8avqKXNYhAShHAX BG0E0cYygolCLoa9zVy yuLd77M4JIfgbbPwrNha K2FrZ+W/cJFf49WDg8d 4MM/OiVAqLvv/pzczOzS 8sFpaKyyura+uljc2W1 Znh0ORaanMVMQtSKGiiQ AlXqQGWRBIuo5vTsX95 C8YKrS5wmEInYX0lYsE ZOqlbqppKiANAVqVHlNF KQPdoCKkVUisacm2v67 nfLZX9mj8B/UuCnJRJjk a39BH2NM8SUMgls7Yd+ Cl2Rsyg4BLuimFmIWX8h vWh7ahiCdjOaPLSHd11 So/G2rhSSCfq94kRS6wd JpHrTBgO7G9vLP7ntTO MDzsjodIMQfHpojiTFD Ud50N7wgBHOXSEcSPcrZ QPmGEcXYpFF0Lw++W/p FWvBUEtON8vH5/kcRTIN tkhFRKQA3JMzkiDNAkn 9+SRPJMX78F78l69t2nr jJfPbJEf8N6/AH2Vm38 =</latexit><latexit s ha1_base64="ReyEYcpg DT3qlHOj5CAcvmKwFF0 =">AAACEnicbVA9SwNBE N3zM8avqKXNYhAShHAX BG0E0cYygolCLoa9zVy yuLd77M4JIfgbbPwrNha K2FrZ+W/cJFf49WDg8d 4MM/OiVAqLvv/pzczOzS 8sFpaKyyura+uljc2W1 Znh0ORaanMVMQtSKGiiQ AlXqQGWRBIuo5vTsX95 C8YKrS5wmEInYX0lYsE ZOqlbqppKiANAVqVHlNF KQPdoCKkVUisacm2v67 nfLZX9mj8B/UuCnJRJjk a39BH2NM8SUMgls7Yd+ Cl2Rsyg4BLuimFmIWX8h vWh7ahiCdjOaPLSHd11 So/G2rhSSCfq94kRS6wd JpHrTBgO7G9vLP7ntTO MDzsjodIMQfHpojiTFD Ud50N7wgBHOXSEcSPcrZ QPmGEcXYpFF0Lw++W/p FWvBUEtON8vH5/kcRTIN tkhFRKQA3JMzkiDNAkn 9+SRPJMX78F78l69t2nr jJfPbJEf8N6/AH2Vm38 =</latexit><latexit s ha1_base64="ReyEYcpg DT3qlHOj5CAcvmKwFF0 =">AAACEnicbVA9SwNBE N3zM8avqKXNYhAShHAX BG0E0cYygolCLoa9zVy yuLd77M4JIfgbbPwrNha K2FrZ+W/cJFf49WDg8d 4MM/OiVAqLvv/pzczOzS 8sFpaKyyura+uljc2W1 Znh0ORaanMVMQtSKGiiQ AlXqQGWRBIuo5vTsX95 C8YKrS5wmEInYX0lYsE ZOqlbqppKiANAVqVHlNF KQPdoCKkVUisacm2v67 nfLZX9mj8B/UuCnJRJjk a39BH2NM8SUMgls7Yd+ Cl2Rsyg4BLuimFmIWX8h vWh7ahiCdjOaPLSHd11 So/G2rhSSCfq94kRS6wd JpHrTBgO7G9vLP7ntTO MDzsjodIMQfHpojiTFD Ud50N7wgBHOXSEcSPcrZ QPmGEcXYpFF0Lw++W/p FWvBUEtON8vH5/kcRTIN tkhFRKQA3JMzkiDNAkn 9+SRPJMX78F78l69t2nr jJfPbJEf8N6/AH2Vm38 =</latexit><latexit s ha1_base64="ReyEYcpg DT3qlHOj5CAcvmKwFF0 =">AAACEnicbVA9SwNBE N3zM8avqKXNYhAShHAX BG0E0cYygolCLoa9zVy yuLd77M4JIfgbbPwrNha K2FrZ+W/cJFf49WDg8d 4MM/OiVAqLvv/pzczOzS 8sFpaKyyura+uljc2W1 Znh0ORaanMVMQtSKGiiQ AlXqQGWRBIuo5vTsX95 C8YKrS5wmEInYX0lYsE ZOqlbqppKiANAVqVHlNF KQPdoCKkVUisacm2v67 nfLZX9mj8B/UuCnJRJjk a39BH2NM8SUMgls7Yd+ Cl2Rsyg4BLuimFmIWX8h vWh7ahiCdjOaPLSHd11 So/G2rhSSCfq94kRS6wd JpHrTBgO7G9vLP7ntTO MDzsjodIMQfHpojiTFD Ud50N7wgBHOXSEcSPcrZ QPmGEcXYpFF0Lw++W/p FWvBUEtON8vH5/kcRTIN tkhFRKQA3JMzkiDNAkn 9+SRPJMX78F78l69t2nr jJfPbJEf8N6/AH2Vm38 =</latexit>
kS = 4πDa
<latexit sha1_base64="d Hdf9omHTYoPuBUEVNQ9LYMEfmw=">AAAB9HicbVDLSgN BEOyNrxhfUY9eBoPgKeyKoBchqAePEc0DkiXMTjrJkNnZ dWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13VxALro3r fju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl 1gw3ApuxQhoGAhvB8GbqN0aoNI/koxnH6Ie0L3mPM2qs5 A87D+SKnLdjTm5pp1hyy+4MZJl4GSlBhmqn+NXuRiwJU RomqNYtz42Nn1JlOBM4KbQTjTFlQ9rHlqWShqj9dHb0hJ xYpUt6kbIlDZmpvydSGmo9DgPbGVIz0IveVPzPayWmd+ mnXMaJQcnmi3qJICYi0wRIlytkRowtoUxxeythA6ooMza ngg3BW3x5mdTPyp5X9u7PS5XrLI48HMExnIIHF1CBO6h CDRg8wTO8wpszcl6cd+dj3ppzsplD+APn8we+LJDF</l atexit><latexit sha1_base64="d Hdf9omHTYoPuBUEVNQ9LYMEfmw=">AAAB9HicbVDLSgN BEOyNrxhfUY9eBoPgKeyKoBchqAePEc0DkiXMTjrJkNnZ dWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13VxALro3r fju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl 1gw3ApuxQhoGAhvB8GbqN0aoNI/koxnH6Ie0L3mPM2qs5 A87D+SKnLdjTm5pp1hyy+4MZJl4GSlBhmqn+NXuRiwJU RomqNYtz42Nn1JlOBM4KbQTjTFlQ9rHlqWShqj9dHb0hJ xYpUt6kbIlDZmpvydSGmo9DgPbGVIz0IveVPzPayWmd+ mnXMaJQcnmi3qJICYi0wRIlytkRowtoUxxeythA6ooMza ngg3BW3x5mdTPyp5X9u7PS5XrLI48HMExnIIHF1CBO6h CDRg8wTO8wpszcl6cd+dj3ppzsplD+APn8we+LJDF</l atexit><latexit sha1_base64="d Hdf9omHTYoPuBUEVNQ9LYMEfmw=">AAAB9HicbVDLSgN BEOyNrxhfUY9eBoPgKeyKoBchqAePEc0DkiXMTjrJkNnZ dWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13VxALro3r fju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl 1gw3ApuxQhoGAhvB8GbqN0aoNI/koxnH6Ie0L3mPM2qs5 A87D+SKnLdjTm5pp1hyy+4MZJl4GSlBhmqn+NXuRiwJU RomqNYtz42Nn1JlOBM4KbQTjTFlQ9rHlqWShqj9dHb0hJ xYpUt6kbIlDZmpvydSGmo9DgPbGVIz0IveVPzPayWmd+ mnXMaJQcnmi3qJICYi0wRIlytkRowtoUxxeythA6ooMza ngg3BW3x5mdTPyp5X9u7PS5XrLI48HMExnIIHF1CBO6h CDRg8wTO8wpszcl6cd+dj3ppzsplD+APn8we+LJDF</l atexit><latexit sha1_base64="d Hdf9omHTYoPuBUEVNQ9LYMEfmw=">AAAB9HicbVDLSgN BEOyNrxhfUY9eBoPgKeyKoBchqAePEc0DkiXMTjrJkNnZ dWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13VxALro3r fju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl 1gw3ApuxQhoGAhvB8GbqN0aoNI/koxnH6Ie0L3mPM2qs5 A87D+SKnLdjTm5pp1hyy+4MZJl4GSlBhmqn+NXuRiwJU RomqNYtz42Nn1JlOBM4KbQTjTFlQ9rHlqWShqj9dHb0hJ xYpUt6kbIlDZmpvydSGmo9DgPbGVIz0IveVPzPayWmd+ mnXMaJQcnmi3qJICYi0wRIlytkRowtoUxxeythA6ooMza ngg3BW3x5mdTPyp5X9u7PS5XrLI48HMExnIIHF1CBO6h CDRg8wTO8wpszcl6cd+dj3ppzsplD+APn8we+LJDF</l atexit>
kS = 4πDb
<latexit sha1_base64="Hy7SIPY5wFP8+G1syzkg135 7W+E=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBchqAePEc0DkiXMTibJkNnZdaY3EJZ8hxcPinj1Y7z5N0 6SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/qJso0YzXWCQj3Qyo4VIoXkOBkjdjzWkYSN4IhjdTvzH i2ohIPeI45n5I+0r0BKNoJX/YeSBX5LwdC3IbdIolt+zOQJaJl5ESZKh2il/tbsSSkCtkkhrT8twY/ZRqFEzySaG dGB5TNqR93rJU0ZAbP50dPSEnVumSXqRtKSQz9fdESkNjxmFgO0OKA7PoTcX/vFaCvUs/FSpOkCs2X9RLJMGITBMg XaE5Qzm2hDIt7K2EDaimDG1OBRuCt/jyMqmflT2v7N2flyrXWRx5OIJjOAUPLqACd1CFGjB4gmd4hTdn5Lw4787Hv DXnZDOH8AfO5w+/sJDG</latexit><latexit sha1_base64="Hy7SIPY5wFP8+G1syzkg135 7W+E=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBchqAePEc0DkiXMTibJkNnZdaY3EJZ8hxcPinj1Y7z5N0 6SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/qJso0YzXWCQj3Qyo4VIoXkOBkjdjzWkYSN4IhjdTvzH i2ohIPeI45n5I+0r0BKNoJX/YeSBX5LwdC3IbdIolt+zOQJaJl5ESZKh2il/tbsSSkCtkkhrT8twY/ZRqFEzySaG dGB5TNqR93rJU0ZAbP50dPSEnVumSXqRtKSQz9fdESkNjxmFgO0OKA7PoTcX/vFaCvUs/FSpOkCs2X9RLJMGITBMg XaE5Qzm2hDIt7K2EDaimDG1OBRuCt/jyMqmflT2v7N2flyrXWRx5OIJjOAUPLqACd1CFGjB4gmd4hTdn5Lw4787Hv DXnZDOH8AfO5w+/sJDG</latexit><latexit sha1_base64="Hy7SIPY5wFP8+G1syzkg135 7W+E=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBchqAePEc0DkiXMTibJkNnZdaY3EJZ8hxcPinj1Y7z5N0 6SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/qJso0YzXWCQj3Qyo4VIoXkOBkjdjzWkYSN4IhjdTvzH i2ohIPeI45n5I+0r0BKNoJX/YeSBX5LwdC3IbdIolt+zOQJaJl5ESZKh2il/tbsSSkCtkkhrT8twY/ZRqFEzySaG dGB5TNqR93rJU0ZAbP50dPSEnVumSXqRtKSQz9fdESkNjxmFgO0OKA7PoTcX/vFaCvUs/FSpOkCs2X9RLJMGITBMg XaE5Qzm2hDIt7K2EDaimDG1OBRuCt/jyMqmflT2v7N2flyrXWRx5OIJjOAUPLqACd1CFGjB4gmd4hTdn5Lw4787Hv DXnZDOH8AfO5w+/sJDG</latexit><latexit sha1_base64="Hy7SIPY5wFP8+G1syzkg135 7W+E=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBchqAePEc0DkiXMTibJkNnZdaY3EJZ8hxcPinj1Y7z5N0 6SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/qJso0YzXWCQj3Qyo4VIoXkOBkjdjzWkYSN4IhjdTvzH i2ohIPeI45n5I+0r0BKNoJX/YeSBX5LwdC3IbdIolt+zOQJaJl5ESZKh2il/tbsSSkCtkkhrT8twY/ZRqFEzySaG dGB5TNqR93rJU0ZAbP50dPSEnVumSXqRtKSQz9fdESkNjxmFgO0OKA7PoTcX/vFaCvUs/FSpOkCs2X9RLJMGITBMg XaE5Qzm2hDIt7K2EDaimDG1OBRuCt/jyMqmflT2v7N2flyrXWRx5OIJjOAUPLqACd1CFGjB4gmd4hTdn5Lw4787Hv DXnZDOH8AfO5w+/sJDG</latexit>
z
<latexit sha1_base64="DWhMIBNXpD iU+tgO2ojFpKKlapM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8 cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+ O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4du a3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTV uuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pM osJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2oo szYbEo2BG/55VXSuqh6XtVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpw X5935WLQWnHzmGP7A+fwB6ZWM/w==</latexit><latexit sha1_base64="DWhMIBNXpD iU+tgO2ojFpKKlapM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8 cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+ O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4du a3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTV uuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pM osJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2oo szYbEo2BG/55VXSuqh6XtVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpw X5935WLQWnHzmGP7A+fwB6ZWM/w==</latexit><latexit sha1_base64="DWhMIBNXpD iU+tgO2ojFpKKlapM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8 cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+ O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4du a3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTV uuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pM osJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2oo szYbEo2BG/55VXSuqh6XtVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpw X5935WLQWnHzmGP7A+fwB6ZWM/w==</latexit><latexit sha1_base64="DWhMIBNXpD iU+tgO2ojFpKKlapM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8 cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+ O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4du a3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTV uuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pM osJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2oo szYbEo2BG/55VXSuqh6XtVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpw X5935WLQWnHzmGP7A+fwB6ZWM/w==</latexit>
θ
<latexit sha1_base64="tzLsgO9ccz eohTZs3hdwIr+Xdhc=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF4 8RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6Pvf XmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG 89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5 ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZ O4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZ hhHF1DJhRAsv7xKmhfVIKgG95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3n ztPfivXsfi9aCl88ckz/wPn8ApEuPKQ==</latexit><latexit sha1_base64="tzLsgO9ccz eohTZs3hdwIr+Xdhc=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF4 8RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6Pvf XmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG 89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5 ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZ O4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZ hhHF1DJhRAsv7xKmhfVIKgG95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3n ztPfivXsfi9aCl88ckz/wPn8ApEuPKQ==</latexit><latexit sha1_base64="tzLsgO9ccz eohTZs3hdwIr+Xdhc=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF4 8RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6Pvf XmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG 89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5 ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZ O4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZ hhHF1DJhRAsv7xKmhfVIKgG95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3n ztPfivXsfi9aCl88ckz/wPn8ApEuPKQ==</latexit><latexit sha1_base64="tzLsgO9ccz eohTZs3hdwIr+Xdhc=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF4 8RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6Pvf XmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG 89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5 ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZ O4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZ hhHF1DJhRAsv7xKmhfVIKgG95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3n ztPfivXsfi9aCl88ckz/wPn8ApEuPKQ==</latexit>
b
<latexit sha1_base64="Kf9mJFG3Je xTvMtJ5Wkh4TpAol0=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnE0ixFdBQ1HVTXdXkAiujet+ OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Ov fb96g0j+WtmSToR3QoecgZNVZqBP1yxau6MxD3F/myKrBAvV9+7w1ilkYoDRNU 667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42O3RKTqwyIGGsbElDZuryREYjrSd RYDsjakb6p5eLf3nd1ISXfsZlkhqUbL4oTAUxMcm/JgOukBkxsYQyxe2thI2oo szYbErLIfxPWmdVz6t6jfNK7WoRRxGO4BhOwYMLqMEN1KEJDBAe4AmenTvn0Xl xXuetBWcxcwjf4Lx9Asa1jOg=</latexit><latexit sha1_base64="Kf9mJFG3Je xTvMtJ5Wkh4TpAol0=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnE0ixFdBQ1HVTXdXkAiujet+ OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Ov fb96g0j+WtmSToR3QoecgZNVZqBP1yxau6MxD3F/myKrBAvV9+7w1ilkYoDRNU 667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42O3RKTqwyIGGsbElDZuryREYjrSd RYDsjakb6p5eLf3nd1ISXfsZlkhqUbL4oTAUxMcm/JgOukBkxsYQyxe2thI2oo szYbErLIfxPWmdVz6t6jfNK7WoRRxGO4BhOwYMLqMEN1KEJDBAe4AmenTvn0Xl xXuetBWcxcwjf4Lx9Asa1jOg=</latexit><latexit sha1_base64="Kf9mJFG3Je xTvMtJ5Wkh4TpAol0=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnE0ixFdBQ1HVTXdXkAiujet+ OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Ov fb96g0j+WtmSToR3QoecgZNVZqBP1yxau6MxD3F/myKrBAvV9+7w1ilkYoDRNU 667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42O3RKTqwyIGGsbElDZuryREYjrSd RYDsjakb6p5eLf3nd1ISXfsZlkhqUbL4oTAUxMcm/JgOukBkxsYQyxe2thI2oo szYbErLIfxPWmdVz6t6jfNK7WoRRxGO4BhOwYMLqMEN1KEJDBAe4AmenTvn0Xl xXuetBWcxcwjf4Lx9Asa1jOg=</latexit><latexit sha1_base64="Kf9mJFG3Je xTvMtJ5Wkh4TpAol0=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnE0ixFdBQ1HVTXdXkAiujet+ OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Ov fb96g0j+WtmSToR3QoecgZNVZqBP1yxau6MxD3F/myKrBAvV9+7w1ilkYoDRNU 667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42O3RKTqwyIGGsbElDZuryREYjrSd RYDsjakb6p5eLf3nd1ISXfsZlkhqUbL4oTAUxMcm/JgOukBkxsYQyxe2thI2oo szYbErLIfxPWmdVz6t6jfNK7WoRRxGO4BhOwYMLqMEN1KEJDBAe4AmenTvn0Xl xXuetBWcxcwjf4Lx9Asa1jOg=</latexit>
a
<latexit sha1_base64="tHmEk7dSnp wo8TSa7al7hAx0uow=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnE0ixFdBQ1HVTXdXkAiujet+ OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Ov fb96g0j+WtmSToR3QoecgZNVZq0H654lXdGYj7i3xZFVig3i+/9wYxSyOUhgmq dddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHTolJ1YZkDBWtqQhM3V5IqOR1pM osJ0RNSP908vFv7xuasJLP+MySQ1KNl8UpoKYmORfkwFXyIyYWEKZ4vZWwkZUU WZsNqXlEP4nrbOq51W9xnmldrWIowhHcAyn4MEF1OAG6tAEBggP8ATPzp3z6Lw 4r/PWgrOYOYRvcN4+AcUxjOc=</latexit><latexit sha1_base64="tHmEk7dSnp wo8TSa7al7hAx0uow=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnE0ixFdBQ1HVTXdXkAiujet+ OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Ov fb96g0j+WtmSToR3QoecgZNVZq0H654lXdGYj7i3xZFVig3i+/9wYxSyOUhgmq dddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHTolJ1YZkDBWtqQhM3V5IqOR1pM osJ0RNSP908vFv7xuasJLP+MySQ1KNl8UpoKYmORfkwFXyIyYWEKZ4vZWwkZUU WZsNqXlEP4nrbOq51W9xnmldrWIowhHcAyn4MEF1OAG6tAEBggP8ATPzp3z6Lw 4r/PWgrOYOYRvcN4+AcUxjOc=</latexit><latexit sha1_base64="tHmEk7dSnp wo8TSa7al7hAx0uow=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnE0ixFdBQ1HVTXdXkAiujet+ OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Ov fb96g0j+WtmSToR3QoecgZNVZq0H654lXdGYj7i3xZFVig3i+/9wYxSyOUhgmq dddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHTolJ1YZkDBWtqQhM3V5IqOR1pM osJ0RNSP908vFv7xuasJLP+MySQ1KNl8UpoKYmORfkwFXyIyYWEKZ4vZWwkZUU WZsNqXlEP4nrbOq51W9xnmldrWIowhHcAyn4MEF1OAG6tAEBggP8ATPzp3z6Lw 4r/PWgrOYOYRvcN4+AcUxjOc=</latexit><latexit sha1_base64="tHmEk7dSnp wo8TSa7al7hAx0uow=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF4 8JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnE0ixFdBQ1HVTXdXkAiujet+ OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Ov fb96g0j+WtmSToR3QoecgZNVZq0H654lXdGYj7i3xZFVig3i+/9wYxSyOUhgmq dddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHTolJ1YZkDBWtqQhM3V5IqOR1pM osJ0RNSP908vFv7xuasJLP+MySQ1KNl8UpoKYmORfkwFXyIyYWEKZ4vZWwkZUU WZsNqXlEP4nrbOq51W9xnmldrWIowhHcAyn4MEF1OAG6tAEBggP8ATPzp3z6Lw 4r/PWgrOYOYRvcN4+AcUxjOc=</latexit>
δ
<latexit sha1_base64="Z2Q6mIofvfqmjQv/nOzJ/XCoLVU=">AAAB7XicbVB NS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt2kw27G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxqa5kphi0 mhVTdgGoUPMGW4UZgN1VI40BgJxjfzvzOEyrNZfJgJin6MR0mPOKMGiu1+yEKQwfVmlt35yCrxCtIDQo0B9WvfihZFmNimKBa9zw3NX5OleFM4LTSzzSmlI3pEHu WJjRG7efza6fkzCohiaSylRgyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTt5zxJM4MJWyyKMkGMJLPXScgVMiMmllCmuL2VsBFVlBkbUMWG4C2/vEraF3XPq3v3l7XG TRFHGU7gFM7BgytowB00oQUMHuEZXuHNkc6L8+58LFpLTjFzDH/gfP4AkeCPHQ==</latexit><latexit sha1_base64="Z2Q6mIofvfqmjQv/nOzJ/XCoLVU=">AAAB7XicbVB NS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt2kw27G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxqa5kphi0 mhVTdgGoUPMGW4UZgN1VI40BgJxjfzvzOEyrNZfJgJin6MR0mPOKMGiu1+yEKQwfVmlt35yCrxCtIDQo0B9WvfihZFmNimKBa9zw3NX5OleFM4LTSzzSmlI3pEHu WJjRG7efza6fkzCohiaSylRgyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTt5zxJM4MJWyyKMkGMJLPXScgVMiMmllCmuL2VsBFVlBkbUMWG4C2/vEraF3XPq3v3l7XG TRFHGU7gFM7BgytowB00oQUMHuEZXuHNkc6L8+58LFpLTjFzDH/gfP4AkeCPHQ==</latexit><latexit sha1_base64="Z2Q6mIofvfqmjQv/nOzJ/XCoLVU=">AAAB7XicbVB NS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt2kw27G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxqa5kphi0 mhVTdgGoUPMGW4UZgN1VI40BgJxjfzvzOEyrNZfJgJin6MR0mPOKMGiu1+yEKQwfVmlt35yCrxCtIDQo0B9WvfihZFmNimKBa9zw3NX5OleFM4LTSzzSmlI3pEHu WJjRG7efza6fkzCohiaSylRgyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTt5zxJM4MJWyyKMkGMJLPXScgVMiMmllCmuL2VsBFVlBkbUMWG4C2/vEraF3XPq3v3l7XG TRFHGU7gFM7BgytowB00oQUMHuEZXuHNkc6L8+58LFpLTjFzDH/gfP4AkeCPHQ==</latexit><latexit sha1_base64="Z2Q6mIofvfqmjQv/nOzJ/XCoLVU=">AAAB7XicbVB NS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt2kw27G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxqa5kphi0 mhVTdgGoUPMGW4UZgN1VI40BgJxjfzvzOEyrNZfJgJin6MR0mPOKMGiu1+yEKQwfVmlt35yCrxCtIDQo0B9WvfihZFmNimKBa9zw3NX5OleFM4LTSzzSmlI3pEHu WJjRG7efza6fkzCohiaSylRgyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTt5zxJM4MJWyyKMkGMJLPXScgVMiMmllCmuL2VsBFVlBkbUMWG4C2/vEraF3XPq3v3l7XG TRFHGU7gFM7BgytowB00oQUMHuEZXuHNkc6L8+58LFpLTjFzDH/gfP4AkeCPHQ==</latexit>
R = a
<latexit sha1_ba se64="pqF106MHFweVdhpET6DJj/5YO t0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0ItQ9OKxirGFNpTNdtMu3 WzC7kQoob/BiwdFvPqDvPlv3LY5aOuD gcd7M8zMC1MpDLrut1NaWV1b3yhvVra2 d3b3qvsHjybJNOM+S2Si2yE1XArFfRQ oeTvVnMah5K1wdDP1W09cG5GoBxynPI jpQIlIMIpW8u/JFaG9as2tuzOQZeIVp AYFmr3qV7efsCzmCpmkxnQ8N8UgpxoF k3xS6WaGp5SN6IB3LFU05ibIZ8dOyIl V+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr 2p+J/XyTC6DHKh0gy5YvNFUSYJJmT6O ekLzRnKsSWUaWFvJWxINWVo86nYELzF l5fJ41nd8+re3XmtcV3EUYYjOIZT8OA CGnALTfCBgYBneIU3RzkvzrvzMW8tOcX MIfyB8/kDk2mN3Q==</latexit><latexit sha1_ba se64="pqF106MHFweVdhpET6DJj/5YO t0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0ItQ9OKxirGFNpTNdtMu3 WzC7kQoob/BiwdFvPqDvPlv3LY5aOuD gcd7M8zMC1MpDLrut1NaWV1b3yhvVra2 d3b3qvsHjybJNOM+S2Si2yE1XArFfRQ oeTvVnMah5K1wdDP1W09cG5GoBxynPI jpQIlIMIpW8u/JFaG9as2tuzOQZeIVp AYFmr3qV7efsCzmCpmkxnQ8N8UgpxoF k3xS6WaGp5SN6IB3LFU05ibIZ8dOyIl V+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr 2p+J/XyTC6DHKh0gy5YvNFUSYJJmT6O ekLzRnKsSWUaWFvJWxINWVo86nYELzF l5fJ41nd8+re3XmtcV3EUYYjOIZT8OA CGnALTfCBgYBneIU3RzkvzrvzMW8tOcX MIfyB8/kDk2mN3Q==</latexit><latexit sha1_ba se64="pqF106MHFweVdhpET6DJj/5YO t0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0ItQ9OKxirGFNpTNdtMu3 WzC7kQoob/BiwdFvPqDvPlv3LY5aOuD gcd7M8zMC1MpDLrut1NaWV1b3yhvVra2 d3b3qvsHjybJNOM+S2Si2yE1XArFfRQ oeTvVnMah5K1wdDP1W09cG5GoBxynPI jpQIlIMIpW8u/JFaG9as2tuzOQZeIVp AYFmr3qV7efsCzmCpmkxnQ8N8UgpxoF k3xS6WaGp5SN6IB3LFU05ibIZ8dOyIl V+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr 2p+J/XyTC6DHKh0gy5YvNFUSYJJmT6O ekLzRnKsSWUaWFvJWxINWVo86nYELzF l5fJ41nd8+re3XmtcV3EUYYjOIZT8OA CGnALTfCBgYBneIU3RzkvzrvzMW8tOcX MIfyB8/kDk2mN3Q==</latexit><latexit sha1_ba se64="pqF106MHFweVdhpET6DJj/5YO t0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0lE0ItQ9OKxirGFNpTNdtMu3 WzC7kQoob/BiwdFvPqDvPlv3LY5aOuD gcd7M8zMC1MpDLrut1NaWV1b3yhvVra2 d3b3qvsHjybJNOM+S2Si2yE1XArFfRQ oeTvVnMah5K1wdDP1W09cG5GoBxynPI jpQIlIMIpW8u/JFaG9as2tuzOQZeIVp AYFmr3qV7efsCzmCpmkxnQ8N8UgpxoF k3xS6WaGp5SN6IB3LFU05ibIZ8dOyIl V+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr 2p+J/XyTC6DHKh0gy5YvNFUSYJJmT6O ekLzRnKsSWUaWFvJWxINWVo86nYELzF l5fJ41nd8+re3XmtcV3EUYYjOIZT8OA CGnALTfCBgYBneIU3RzkvzrvzMW8tOcX MIfyB8/kDk2mN3Q==</latexit>
R = b
<latexit sha1_base64="rVvVUwFuH7 jO9DW3JtWnCLXtMIQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9O KxirGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLru t1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdD P1W09cG5GoBxynPIjpQIlIMIpW8u/JFQl71Zpbd2cgy8QrSA0KNHvVr24/YVnM FTJJjel4bopBTjUKJvmk0s0MTykb0QHvWKpozE2Qz46dkBOr9EmUaFsKyUz9PZH T2JhxHNrOmOLQLHpT8T+vk2F0GeRCpRlyxeaLokwSTMj0c9IXmjOUY0so08LeS tiQasrQ5lOxIXiLLy+Tx7O659W9u/Na47qIowxHcAyn4MEFNOAWmuADAwHP8Ap vjnJenHfnY95acoqZQ/gD5/MHlO2N3g==</latexit><latexit sha1_base64="rVvVUwFuH7 jO9DW3JtWnCLXtMIQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9O KxirGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLru t1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdD P1W09cG5GoBxynPIjpQIlIMIpW8u/JFQl71Zpbd2cgy8QrSA0KNHvVr24/YVnM FTJJjel4bopBTjUKJvmk0s0MTykb0QHvWKpozE2Qz46dkBOr9EmUaFsKyUz9PZH T2JhxHNrOmOLQLHpT8T+vk2F0GeRCpRlyxeaLokwSTMj0c9IXmjOUY0so08LeS tiQasrQ5lOxIXiLLy+Tx7O659W9u/Na47qIowxHcAyn4MEFNOAWmuADAwHP8Ap vjnJenHfnY95acoqZQ/gD5/MHlO2N3g==</latexit><latexit sha1_base64="rVvVUwFuH7 jO9DW3JtWnCLXtMIQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9O KxirGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLru t1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdD P1W09cG5GoBxynPIjpQIlIMIpW8u/JFQl71Zpbd2cgy8QrSA0KNHvVr24/YVnM FTJJjel4bopBTjUKJvmk0s0MTykb0QHvWKpozE2Qz46dkBOr9EmUaFsKyUz9PZH T2JhxHNrOmOLQLHpT8T+vk2F0GeRCpRlyxeaLokwSTMj0c9IXmjOUY0so08LeS tiQasrQ5lOxIXiLLy+Tx7O659W9u/Na47qIowxHcAyn4MEFNOAWmuADAwHP8Ap vjnJenHfnY95acoqZQ/gD5/MHlO2N3g==</latexit><latexit sha1_base64="rVvVUwFuH7 jO9DW3JtWnCLXtMIQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9O KxirGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLru t1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdD P1W09cG5GoBxynPIjpQIlIMIpW8u/JFQl71Zpbd2cgy8QrSA0KNHvVr24/YVnM FTJJjel4bopBTjUKJvmk0s0MTykb0QHvWKpozE2Qz46dkBOr9EmUaFsKyUz9PZH T2JhxHNrOmOLQLHpT8T+vk2F0GeRCpRlyxeaLokwSTMj0c9IXmjOUY0so08LeS tiQasrQ5lOxIXiLLy+Tx7O659W9u/Na47qIowxHcAyn4MEFNOAWmuADAwHP8Ap vjnJenHfnY95acoqZQ/gD5/MHlO2N3g==</latexit>
> SR
<latexit sha1_base64="w3TVG3iW1/ JUM9NGaFsx4xca+kg=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQVdSdO OyPvqANoTJdNIOnUzCzESooV/ixoUibv0Ud/6NkzYLbT0wcDjnXu6ZEyScKe04 31ZpZXVtfaO8Wdna3tmt2nv7bRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E4+ vc7zxSqVgsHvQkoV6Eh4KFjGBtJN+uXqJ+hPWIYJ7dT/073645dWcGtEzcgtSg QNO3v/qDmKQRFZpwrFTPdRLtZVhqRjidVvqpogkmYzykPUMFjqjyslnwKTo2ygC FsTRPaDRTf29kOFJqEgVmMg+pFr1c/M/rpTq88DImklRTQeaHwpQjHaO8BTRgk hLNJ4ZgIpnJisgIS0y06apiSnAXv7xM2qd11627t2e1xlVRRxkO4QhOwIVzaMA NNKEFBFJ4hld4s56sF+vd+piPlqxi5wD+wPr8AUDrktI=</latexit><latexit sha1_base64="w3TVG3iW1/ JUM9NGaFsx4xca+kg=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQVdSdO OyPvqANoTJdNIOnUzCzESooV/ixoUibv0Ud/6NkzYLbT0wcDjnXu6ZEyScKe04 31ZpZXVtfaO8Wdna3tmt2nv7bRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E4+ vc7zxSqVgsHvQkoV6Eh4KFjGBtJN+uXqJ+hPWIYJ7dT/073645dWcGtEzcgtSg QNO3v/qDmKQRFZpwrFTPdRLtZVhqRjidVvqpogkmYzykPUMFjqjyslnwKTo2ygC FsTRPaDRTf29kOFJqEgVmMg+pFr1c/M/rpTq88DImklRTQeaHwpQjHaO8BTRgk hLNJ4ZgIpnJisgIS0y06apiSnAXv7xM2qd11627t2e1xlVRRxkO4QhOwIVzaMA NNKEFBFJ4hld4s56sF+vd+piPlqxi5wD+wPr8AUDrktI=</latexit><latexit sha1_base64="w3TVG3iW1/ JUM9NGaFsx4xca+kg=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQVdSdO OyPvqANoTJdNIOnUzCzESooV/ixoUibv0Ud/6NkzYLbT0wcDjnXu6ZEyScKe04 31ZpZXVtfaO8Wdna3tmt2nv7bRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E4+ vc7zxSqVgsHvQkoV6Eh4KFjGBtJN+uXqJ+hPWIYJ7dT/073645dWcGtEzcgtSg QNO3v/qDmKQRFZpwrFTPdRLtZVhqRjidVvqpogkmYzykPUMFjqjyslnwKTo2ygC FsTRPaDRTf29kOFJqEgVmMg+pFr1c/M/rpTq88DImklRTQeaHwpQjHaO8BTRgk hLNJ4ZgIpnJisgIS0y06apiSnAXv7xM2qd11627t2e1xlVRRxkO4QhOwIVzaMA NNKEFBFJ4hld4s56sF+vd+piPlqxi5wD+wPr8AUDrktI=</latexit><latexit sha1_base64="w3TVG3iW1/ JUM9NGaFsx4xca+kg=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURQVdSdO OyPvqANoTJdNIOnUzCzESooV/ixoUibv0Ud/6NkzYLbT0wcDjnXu6ZEyScKe04 31ZpZXVtfaO8Wdna3tmt2nv7bRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E4+ vc7zxSqVgsHvQkoV6Eh4KFjGBtJN+uXqJ+hPWIYJ7dT/073645dWcGtEzcgtSg QNO3v/qDmKQRFZpwrFTPdRLtZVhqRjidVvqpogkmYzykPUMFjqjyslnwKTo2ygC FsTRPaDRTf29kOFJqEgVmMg+pFr1c/M/rpTq88DImklRTQeaHwpQjHaO8BTRgk hLNJ4ZgIpnJisgIS0y06apiSnAXv7xM2qd11627t2e1xlVRRxkO4QhOwIVzaMA NNKEFBFJ4hld4s56sF+vd+piPlqxi5wD+wPr8AUDrktI=</latexit>
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FIG. 2. A prolate spheroid can be obtained as a perturbation
of a spherical surface either by increasing or decreasing the
surface of the latter. The first-order correction to the Smolu-
chowski rate corresponding to the sphere will be positive in
the first case and negative in the second. A similar analysis
applies to oblate spheroidal perturbations of a sphere.
A. Perfectly absorbing spheroids
In order to illustrate our calculations, we first treat
the case of spheroidal perturbations of a spherical sink.
Let us consider a perfectly absorbing sphere with radius
R = b. With reference to Fig. 2 (right), the surface area
of a prolate spheroid with axes (a, a, b), with a = R − δ,
reads
S = SR
2
[
1
(1 + )2
+
1√
2 + 2
arcsin
(√
2 + 2
1 + 
)]
= SR
(
1− 4
3

)
+O(2), (19)
with  = δ/R = 1 − a/b. An equivalent analysis can be
performed in the case of oblate spheroids. Overall, it is
not difficult to see (cf. also Appendix A) that the per-
turbation modulating function f(θ) for spheroidal per-
turbations of the compression type reads
f(θ) =
{
− sin2 θ prolate
− cos2 θ oblate (20)
while for perturbation of the extension type, one has
f(θ) =
{
cos2 θ prolate
sin2 θ oblate
(21)
Taking into account expressions (20), the prescrip-
tion (17) gives immediately the negative corrections for
the compression case,
k
kS
=
{
1− 23+O(2) prolate
1− 13+O(2) oblate
(22)
where kS = 4piDbc∞. The expressions (22) are in agree-
ment with the known exact results (see [45, 46, 51] and
Appendices). The corrections for the extension case can
be computed easily from Eqs. (21),
k
kS
=
{
1 + 13+O(2) prolate
1 + 23+O(2) oblate
(23)
where the unperturbed rate is now kS = 4piDac∞ (see
also Fig. 1 left panel)2.
These results have a very simple interpretation.
Indeed, they correspond to the Smoluchowski rates
into the respective equivalent spheres SRe , that is,
spheres with the same surface (to the first order in
). From Eqs. (19) it can be seen immediately that
Re = R
√
1− 4/3 (prolate) and Re = R
√
1− 2/3
(oblate). This suggests that in general the diffusive flux
into a non-spherical boundary can be approximated by
the Smoluchowski rate corresponding to its equivalent
sphere to the first order in the difference of the relevant
linear dimensions of the two surfaces. This agrees with
the results of previous calculations by Berezhkovskii and
Barzykin [51].
Our analysis shows that perturbing a sphere into a
spheroid with given aspect ratio (to the first order in )
does not result in symmetric corrections to the Smolu-
chowski rate of the sphere, depending on whether the
latter is compressed in the equatorial plane or elongated
along the polar axis. More precisely, reducing a spherical
surface to a prolate spheroid implies losing twice as
much flux than reducing it to an oblate one. Conversely,
increasing a spherical surface to a prolate spheroid
implies gaining half as much flux than increasing it to
an oblate one.
B. Partially absorbing spheroids
While the diffusive flux onto partially absorbing pro-
late and oblate spheroids can be obtained by solving
infinite-dimensional systems of linear equations (see Ap-
pendices), its exact closed-form expressions are not avail-
able. However, it is possible to obtain approximate ana-
lytical expressions that turn out to be remarkably accu-
rate for a wide range of aspect ratios and reactivities. By
truncating the infinite set of linear equations to the ze-
roth order (see Appendices for the detailed calculations),
2 These results can also be obtained by a simple rescaling argu-
ment. Setting b = a/(1 − ) into kS = 4piDbc∞ in Eq. (22),
one immediately recovers expressions (23) from k/(4piDac∞) =
k/[4piDbc∞(1− )].
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FIG. 3. Total flux onto partially absorbing spheroids as a function of D/(κb) (rescaled by kS = 4piDbc∞) for different
aspect ratios. Solid lines show the numerical solution with the truncation order nmax = 5 (referred to as “exact solution”, see
Appendices), while dashed and dashed-dotted lines represent the approximate solutions corresponding nmax = 0 (i.e. Eq. (24))
and nmax = 1, respectively. Dotted lines show the perturbative solutions (22). Top panels: prolate spheroids (a, a, b); Bottom
panels: oblate spheroids (b, b, a).
we obtain in the case of compressed spheroids
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where kS = 4piDbc∞ and aE =
√
b2 − a2 = b√2− 2.
These expressions are compared to the exact results (nu-
merical solutions of the linear system to a fixed accuracy,
cf Appendices) and to the perturbative expressions (22)
in Fig. 3. One can see that the zeroth-order approxi-
mations (24) are barely distinguishable from the exact
solutions over a very broad range of aspect ratios. More
precisely, these expressions still yield accurate predictions
of the total flux even for a  b, i.e. very elongated pro-
late spheroids and very flat oblate spheroids. Moreover,
they are valid over the whole range of partial reactivities,
from perfectly absorbing surfaces (κ→∞) to nearly re-
flecting boundaries (κ→ 0).
Figure 3 also illustrates clearly the range of validity of
our perturbative calculations. The simple first-order per-
turbative corrections that one may compute easily from
Eq. (15) provides a remarkably reliable estimate of the
rate for values of  = 1 − a/b as large as 0.5. In the
case of oblate spheroids, Fig. 3 shows that the pertur-
bative solution is an utterly reasonable approximation
even for disk-like spheroids (a = 0). Conversely, the
flux onto thinner and thinner prolate spheroids become
smaller and smaller, and consequently the perturbative
solution fails in the limit a→ 0 (right-most upper panel
in Fig. 3).
IV. CONCLUSIONS AND PERSPECTIVES
In this paper we have tackled the problem of calculating
the total stationary diffusive flux onto partially absorb-
ing surfaces of revolution. We have outlined a general
perturbative procedure that holds when the surface of
revolution can be described as an axisymmetric pertur-
bation of a sphere controlled by a single length scale (see
Eq. (4)). We worked out an analytical expression for
the reaction rate that agrees surprisingly well with the
exact solutions for prolate and oblate spheroids, even in
the case of rather non-spherical shapes with aspect ra-
tio up to 0.5. The exact and approximate formulas for
the reaction rate for partially reactive prolate and oblate
spheroids derived in this paper present their own interest
for applications.
Our perturbative formula (15) for the case of a per-
fectly absorbing non-spherical boundary has a simple and
general interpretation. The total flux to the first order in
 is the Smoluchowski rate into an equivalent sphere Seq,
whose surface equals the non-spherical surface of revolu-
6tion S. Recalling the definitions (4) and (16), one has
S = 2pi
∫ pi
0
r(θ)
√
r2(θ) +
(
dr
dθ
)2
sin θ dθ
= 4piR2 (1 + 2B∞0 ) +O(2) (25)
Comparing this result with the perturbative formula (17)
for the total flux k into the non-spherical sink S, one can
conclude that
k = 4piDReqc∞ +O(2) (26)
where Req =
√S/4pi. We note that the equivalence ex-
pressed by Eq. (26) proved in this paper had been con-
jectured in Ref. 51 based on intuitive arguments. How-
ever, our results prove that the equivalence (to O()
at least) between a non-spherical surface and a sphere
is only limited to perfectly absorbing boundary condi-
tions (see again formula (15)). Furthermore, our method
can in principle be employed to investigate whether for-
mula (26) is valid beyond the first order in . Moreover,
the perturbative treatment presented in this paper can
be also generalized to the case of non-uniform intrinsic re-
activity κ(θ), which constitutes an interesting extension
for treating diffusion to non-spherical and non-uniform
reactive surfaces.
Appendix A: Solution for partially absorbing prolate
spheroids
Following Ref. 45, we write the concentration outside
a prolate spheroid of the form (a, a, b) (with semi-axes
a ≤ b) in prolate spheroidal coordinates (α, θ, φ) as
u =
∞∑
n=0
AnQn(coshα)Pn(cos θ), (A1)
with unknown coefficients An. Here Pn(z) and Qn(z)
are Legendre polynomials and functions of the first and
second kind. The Robin boundary condition (8b) reads
1 = (u− Λ∂nu)|∂Ω =
∞∑
n=0
AnPn(cos θ) (A2)
×
[
Qn(coshα0)− Λ sinhα0Q
′
n(α0)
aE
√
cosh2 α0 − cos2 θ
]
,
which should be satisfied by any θ ∈ (0, pi). Here
∂n = ~∇ · nˆ is the normal derivative (directed inward),
Λ = D/κ is the reaction length [20, 43, 44, 52, 53]
and α0 determines the surface of the prolate spheroid,
coshα0 = b/aE , where aE =
√
b2 − a2. Multiplying this
condition by Pm(cos θ) sin θ and integrating over θ from
0 to pi, one gets the infinite-dimensional system of linear
equations on coefficients An
δm,0 =
Am
2m+ 1
Qm(cosα0)− Λ
2aE
(A3)
×
∞∑
n=0
An sinhα0Q
′
n(coshα0)Fm,n(coshα0),
where
Fm,n(z) =
1∫
−1
dx
Pn(x)Pm(x)√
z2 − x2 . (A4)
The total diffusive flux onto the prolate spheroid (i.e.,
the reaction rate) was computed in Ref. 45 as
k = 4piDc∞aEA0, (A5)
where c∞ is the concentration at infinity. For a perfectly
reactive spheroid (Λ = 0), the sum in Eq. (A3) vanishes,
and one gets a simple solution for the coefficients Am:
Am = δm,0
2m+ 1
Qm(coshα0)
. (A6)
From Eqs. (A5, A6), the exact form of the total flux
onto the perfectly reactive prolate spheroid is recovered
[51, 54]
k
kS
=
2aE/b
ln
( 1+aE/b
1−aE/b
) , (A7)
where kS = 4piDc∞b is the Smoluchowski rate on the
sphere of radius b.
In general, however, one needs to truncate the system
(A3) and then solve it numerically. Note that the same
solution scheme is valid for Robin boundary condition
(A2) with a given function g(θ) on the left-hand side
instead of 1. The only difference is that δm,0 on the left-
hand side of Eq. (A3) would be replaced by the integral
of g(θ) with the Legendre polynomial Pm(cos θ).
1. Numerical solution
For a numerical solution, one needs to truncate the sys-
tem (A3) to some order nmax, to compute the matrix el-
ements Fm,n(coshα0) for m,n = 0, 1, . . . , nmax, and then
to invert the resulting matrix of size (nmax+1)×(nmax+1)
numerically. The matrix elements Fm,n(z) can be com-
puted exactly by using the properties of Legendre poly-
nomials. First, using the identity
Pm(x)Pn(x) =
min{m,n}∑
k=0
Bkmn Pm+n−2k(x) (A8)
with
Bkmn =
akam−kan−k
am+n−k
2m+ 2n− 4k + 1
2m+ 2n− 2k + 1 , (A9)
and ak =
Γ(k+1/2)√
piΓ(k+1)
(with a0 = 1), we get for even m+ n
Fm,n(z) =
min{m,n}∑
k=0
Bkmn V(m+n)/2−k(z), (A10)
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Vn(z) =
1∫
−1
dx
P2n(x)√
z2 − x2 , (A11)
while Fm,n(z) = 0 for odd m + n due to the symmetry
of Legendre polynomials. Second, the above integral can
be computed via recursive relations:
Vn(z) =
(4n− 3)[(4n− 1)(4n− 5)z2 − 2(4n2 − 6n+ 1)]
(2n)2(4n− 5)
× Vn−1(z)− (4n− 1)(2n− 3)
2
(4n− 5)(2n)2 Vn−2(z) . (A12)
with
V0(z) = 2 arcsin(1/z)
V1(z) =
(
3
2
z2 − 1
)
arcsin(1/z)− 3
2
√
z2 − 1 .
As Fm,n vanishes for odd m + n, the linear equations
in the system (A3) decouple into two subsystems, one
for the coefficients A2m and the other for the coefficients
A2m+1. Moreover, as δm,0 in the left-hand side of the
system is not zero only for m = 0, all the odd coefficients
A2m+1 are zero. In turn, the system for even coefficients
A2m can be written as
δm,0 =
A2m
4m+ 1
Q2m(coshα0) (A13)
− Λ
2aE
∞∑
n=0
F2m,2n(coshα0) sinhα0Q
′
2n(coshα0)A2n .
Truncating the sum to n = nmax, computing
F2m,2n(coshα0) and solving numerically the truncated
system with nmax + 1 equations onto the coefficients
A0, A2, . . . , A2nmax , one computes the reaction rate k
from Eq. (A5).
2. Approximate solution
Solving the truncated system (A13) for several values
of nmax, we checked that the coefficient A0, determin-
ing the reaction rate, can be accurately computed from
low-order truncations. In other words, the estimated A0
converges very rapidly to its limit as nmax increases. As
illustrated in Fig. 3, even the lowest-order truncation
with nmax = 0 is accurate over the whole range of reac-
tivity lengths Λ even when the minor semi-axis a is as
small as b/10. This zeroth-order approximation yields
k
kS
' aE
b
(
1
2
ln
(
1 + aE/b
1− aE/b
)
+
Λ
b
arcsin(aE/b)√
1− a2E/b2
)−1
,
(A14)
where kS = 4piDc∞b is the Smoluchowski rate for a
sphere of radius b. For a perfectly reactive spheroid,
Eq. (A14) at Λ = 0 yields the exact result (A7). As
expected, one retrieves the Collins-Kimball result for a
partially reactive sphere in the limit a→ b:
k
kS
=
(
1 +
D
κb
)−1
. (A15)
The lowest-order approximation becomes less accurate in
the limit a→ 0 when prolate spheroids are getting closer
to the shape of a needle. In this case, one can consider
the first-order truncation with nmax = 1, in which case
the truncated 2 × 2 system of equations can be again
solved explicitly, yielding a cumbersome but remarkably
accurate solution.
Figure 3 illustrates the behavior of the scaled reaction
rate k/kS for a partially reactive prolate spheroid as a
function of D/(κb) = Λ/b. For all considered values of
Λ/b and a/b, the numerical solution of the truncated sys-
tem of linear equations converges very rapidly with the
truncated order nmax. In particular, one can see that so-
lutions with nmax = 5 (referred to as “exact solution”)
and nmax = 1 are barely distinguishable over all Λ/b even
for a very narrow spheroid with a/b = 0.01. This obser-
vation confirms that this explicit approximate solution is
very accurate. A simpler zeroth-order approximate so-
lution from Eq. (A14) is also very accurate, in spite of
small deviations at large reactivity (small Λ/b). Finally,
the perturbative solution (A24) is very accurate for small
and moderate  = 1−a/b, and fails only when  becomes
close to 1 (i.e., a close to 0).
3. Perturbative solution
An approximate solution of the above system of equa-
tions can be obtained in the limit when the prolate
spheroid approaches a sphere, i.e., a = b(1 − ), so that
a2E = 2b
2 + Ø(2), and thus coshα0 = 1/
√
2 → ∞. In
the limit z →∞, we have thus
Fm,n(coshα0) = 2
√
2
(
1 + fm,n+ Ø(
2)
)
, (A16)
with
fm,n =
1
2
1∫
−1
dxx2 Pm(x)Pn(x) (A17)
(this integral can be evaluated explicitly). Denoting
an = An
(
Qn(cosα0)− Λ
b
sinhα0Q
′
n(coshα0)
)
, (A18)
we rewrite the system (A13) up to the first order in  as
δm,0 =
a2m
4m+ 1
− 
∞∑
n=0
f2m,2na2ne2n + Ø(
2), (A19)
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en = lim
→0
(Λ/b) sinhα0Q
′
n(coshα0)
Qn(coshα0)− (Λ/b) sinhα0Q′n(coshα0)
.
(A20)
One gets thus from Eq. (A19) with m = 0:
a0 =
1 + e2f0,2a2
1− e0f0,0 , (A21)
whereas a2 = Ø() so that the second term in the numer-
ator can be neglected, yielding (with f0,0 = 1/3)
a0 = 1 +

3
e0 + Ø(
2). (A22)
Given that Q0(z) =
1
2 ln
z+1
z−1 and Q
′
0(z) =
1
1−z2 , we ob-
tain e0 = −1/(1 + h), where h = b/Λ = κb/D. We get
thus
A0 =
(b/aE)h
1 + h
(
1− 2(h+ 2)
3(h+ 1)
+ Ø(2)
)
, (A23)
from which
k
kS
=
h
1 + h
− 2h(h+ 2)
3(h+ 1)2
+ Ø(2). (A24)
This expression agrees with our general formula (15) for
f(θ) = − sin2 θ that approximately describes a prolate
spheroid for small .
Appendix B: Oblate spheroid
As computations for an oblate spheroid of the form
(b, b, a) (with semi-axes a ≤ b) are similar, we only sketch
the main steps. In the oblate spheroidal coordinates
(α, θ, φ), an axiosymmetric solution of the Laplace equa-
tion outside the spheroid reads
u =
∞∑
n=0
AnQn(i sinhα)Pn(cos θ), (B1)
where the coefficients An are determined from the Robin
boundary condition
1 = (u− Λ∂nu)|∂Ω =
∞∑
n=0
AnPn(cos θ)
×
(
Qn(i sinhα0)− iΛ coshα0Q
′
n(i sinhα0)
aE
√
cosh2 α0 − cos2 θ
)
,
from which
δm,0 =
Am
2m+ 1
Qm(i sinhα0)− iΛ
2aE
(B2)
×
∞∑
n=0
An coshα0Q
′
n(i sinhα0)Fm,n(coshα0).
Note that the boundary of the oblate spheroid is defined
again as coshα0 = b/aE , with aE =
√
b2 − a2. The total
diffusive flux reads as (see Ref. 46 for technical details)3
k = 4piDc∞aEA0/i. (B3)
As previously, only the even coefficients matter so that
δm,0 =
A2m
4m+ 1
Q2m(i sinhα0)− iΛ
2aE
(B4)
×
∞∑
n=0
A2n coshα0Q
′
2n(i sinhα0)F2m,2n(coshα0).
For a perfectly reactive oblate spheroid (Λ = 0), the
sum vanishes, so that A0 = 1/Q0(i sinhα0), from which
Eq. (B3) helps to retrieve the exact formula for the re-
action rate [51, 54]
k
kS
=
aE/b
arcsin(aE/b)
, (B5)
where we used Q0(i sinhα0) = −i arcsin(1/ coshα0).
For a partially reactive spheroid, the zeroth-order trun-
cation of the system (B4) yields the following approxima-
tion for the reaction rate
k
kS
' aE/b
arcsin(aE/b)
1
1 + Λ/b
. (B6)
In the limit a → b, one retrieves the Collins-Kimball re-
sult (A15) for a partially reactive sphere. In the opposite
limit a → 0, one finds the reaction rate for a partially
absorbing disk of radius b:
k
kS
' 2/pi
1 + Λ/b
. (B7)
The accuracy of this approximation is illustrated in Fig.
3. An even higher accuracy can be achieved by using
the truncation order nmax = 1, for which the resulting
2 × 2 matrix can be solved explicitly. In comparison to
Eq. (A14) for the prolate spheroid, one can note that the
geometric aspect is fully disentangled from the reactive
aspect, which is accounted via the factor 1/(1 + Λ/b), as
for the sphere.
Skipping technical detials, we also provide the pertur-
bative solution of Eqs. (B4) up to the first order in :
k
kS
=
h
1 + h
−  h(h+ 2)
3(h+ 1)2
+O(2). (B8)
This solution agrees with our general formula (15) for
f(θ) = − cos2 θ that approximately describes an oblate
spheroid for small .
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